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Abstract
In this paper we obtain the energy distribution associated with the Ernst
spacetime (geometry describing Schwarzschild black hole in Melvin’s magnetic
universe) in Einstein’s prescription. The first term is the rest-mass energy
of the Schwarzschild black hole, the second term is the special relativistic
value for the energy of the uniform magnetic field and the remaining terms in
the expression are due to the general relativistic effect. The presence of the
magnetic field is found to increase the energy of the system.
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Nahmad-Achar and Schutz [1] discussed that the conserved quantities such as the energy,
momentum and angular momentum play a very important role as they provide with rst
integral of the equations of motion. These help to solve dicult problems, for instance,
collisions, stability properties of physical systems etc. Obviously, it is desirable to get
these quantities in general relativity. However, the study of energy localization or quasi-
localization in general relativity has been an intractable problem and is still a subject of
active interest . The energy content in a sphere of a given radius in a spherically symmetric
spacetime gives a feeling of the eective gravitational mass that a test particle situated
at the same distance from the gravitating object experiences. Recently , Virbhadra [2]
discussed the importance of this subject in the context of the Seifert conjecture as well
as the well-known Thorne’s hoop conjecture. Attempts aimed at obtaining a meaningful
expression for local/quasi-local energy have given rise to dierent denitions of energy and
have caused a large number of denitions in literature (see [3]- [6] and references therein).
Canonical energy-momentum, derived from variational formulations of general relativity,
leads to non-unique pseudotensor expressions [3]. Einstein’s pseudotensor, for calculating
the energy distribution in a general relativistic system, was followed by many prescriptions:
e.g. Landau and Lifshitz, Papapetrou, Weinberg, and many others (see in [4]). Most of these
prescriptions restrict one to make calculations using \Cartesian" coordinates. Coordinate
independent denitions of energy have been proposed by Komar [7], Penrose [8], and many
others (see in [5]). Bergqvist [9] studied seven dierent denitions of quasi-local masses for
the Reissner-Nordstro¨m and Kerr spacetimes and came to the conclusion that no two of
the denitions studied gave the same result. In trying to bring the number of suggested
quasilocal energies under control, Hayward [10] listed a number of criteria which should
be followed in dening quasilocal masses. Although the subject of energy localization has
problems which still remain unresolved, some interesting results have been found in recent
years. Virbhadra and his collaborators considered many spacetimes and have shown that
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several energy-momentum complexes give the same acceptable result for a given spacetime.
Virbhadra [11] showed that for the Kerr-Newman metric several denitions yield the same
result. Following Virbhadra, Cooperstock and Richardson [3] performed these investigations
up to the seventh order of the rotation parameter and reported that several denitions yield
the same result. Rosen and Virbhadra [12] studied the energy distribution in the Einstein-
Rosen spacetime and got the acceptable result. Similarly, for several other well-known
spacetimes it is known that dierent energy-momentum complexes give the same result
(see [13]- [15] and references therein). Rosen [16] obtained the total energy of the closed
homogeneous isotropic universe and found that to be zero, which supports the studies by
Tryon [17]. Agguirregabiria et al [4] showed that several energy-momentum complexes give
the same result for any Kerr-Schild class metric. The above results are favourable to the
importance of energy-momentum complexes. We wish to obtain energy distribution in the
Ernst spacetime.
Melvin’s magnetic universe [18] is a solution of the Einstein-Maxwell equations corre-
sponding to a collection of parallel magnetic lines of force held together by mutual grav-
itation. Thorne [19] studied extensively the physical structure of the magnetic universe
and investigated its dynamical behaviour under arbitrarily large radial perturbations. He
showed that no radial perturbation can cause the magnetic eld to undergo gravitational
collapse to a spacetime singularity or electromagnetic explosion to innte dispersion. Fur-
ther, Ernst [20] obtained axially symmetric exact solution to the Einstein-Maxwell equations
representing the Schwarzschild black hole immersed in the Melvin’s uniform magnetic uni-
verse. Virbhadra and Prasanna [21] studied the spin dynamics of charged particles in the
Ernst spacetime. In this paper we obtain the expression for energy distribution in the Ernst
spacetime. We use the convention that Latin indices take values from 0 to 3 and Greek
indices values from 1 to 3, and take c = G = 1.
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II. THE EINSTEIN-MAXWELL EQUATIONS AND THE ERNST SOLUTION










= 4piJ i , (2)
Fij,k + Fj,k,i + Fk,i,j = 0, (3)











R ki is the Ricci tensor and J
i is the electric current density vector.
Ernst [20] obtained an axially symmetric electrovac solution (J i = 0) to these equations









− −2r2 sin2 θdφ2 (5)
and the Cartan components of the magnetic eld are
Hr = 
−2Bo cos θ,
Hθ = −−2Bo (1− 2M/r)1/2 sin θ, (6)
where




2 sin2 θ. (7)
M and Bo are constants in the solution. The nonvanishing components of the energy-
momentum tensor are
T 11 = −T 22 =
B2o
(




T 33 = −T 00 =
B2o
(




T 21 = −T 12 =




The Ernst solution is a black hole solution (r = 2M is the event horizon). For Bo = 0 it
gives the Schwarzschild solution and for M = 0 it gives the Melvin’s magnetic universe.
The magnetic eld has a constant value Bo everywhere along the axis. Ernst pointed out
an interesting feature of this solution. Within the region 2m << r << B−10 , both the space
is approximately flat and the magnetic eld approximately uniform, when jB0mj << 1.
To get meaningful result for energy distribution in the prescription of Einstein one is
compelled to use \Cartesian coordinates" (see [4] [12], and [13], [16]). So the line element
(5) is transformed to \Cartesian coordinates" t, x, y, z using
r =
√




x2 + y2 + z2
)
,
φ = tan−1(y/x). (9)
The line element in t, x, y, z coordinates becomes
































































III. THE EINSTEIN ENERGY-MOMENTUM COMPLEX
Einstein obtained an energy-momentum complex ki , which satises the local conserva-














ki is referred to as the Einstein energy-momentum complex. τ
k
i is usually called energy-


































For r = constant surface (given by (9) ) one has the components of a normal vector µα =
(x/r, y/r, z/r). The innitesmal surface element is dS = r2sinθdθdφ.
IV. CALCULATIONS
We have already discussed that to use the energy-momentum complex of Einstein one
is compelled to use \Cartesian coordinates" and therefore we consider the Ernst metric in
t, x, y, z coordinates, expressed by the line element (10). The determinant of the metric
tensor is given by
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g = −4 (19)
The non-vanishing contravariant components of the metric tensor are
g00 = −2
r




















































































Now using (21) with (18) we obtain the energy distribution in the Ernst spacetime.







(4 − 1)r sin θdθdφ (22)
We substitute the value of  in the above and then integrate. We get

















The above result is expressed in geometrized units (gravitational constant G = 1 and the
speed of light in vacuum c = 1). In the following we put G and c at proper places and get




























3 is the special relativistic value of the energy of the magnetic eld under consideration,
and rest of the terms are general relativistic correction.
V. DISCUSSION AND SUMMARY
The energy-momentum localization subject has been assoicated with much debate. Mis-
ner et al. [23] argued that the energy is localizable only for spherical systems. Cooperstock
and Sarracino [24] contradicted their viewpoints and argued that if the energy is localizable
in spherical systems then it is also localizable for all systems. A renowned general relativist
H. Bondi [25] gave his opinion that a nonlocalizable form of energy is not admissible in
relativity. Therefore its location can be found. Several quasi-local mass denitions were
proposed (notably by Penrose and Hawking). However, these have some problems (see [9]
and [2]). The viewpoints of Misner et al. discouraged people to work on the energy lo-
calization problem. The energy-momentum complexes are not tensorial objects and one is
compelled to use \Cartesian coordinates". Due to these reasons, this subject remained in
almost \slumbering" state for a long period of time and was re-opened by remarkable results
obtained by Virbhadra and Virbhadra and his collaborators (Rosen, Parikh, Chamorro and
Aguirregabiria). These work motivated many to come back to this very interesting and
important subject (for instance, see [3], [6], [14]- [16], [26], [27] and references given there).
It is worth mentioning that,in a recent paper, Virbhadra [2] emphasized that though the
energy-momentum complexes are non-tensors, these do not violate the principle of general
covariance as the equations describing the local conservation laws with these objects are
covariant. In the present paper we considered the Ernst spacetime and calculated the en-
ergy distribution using the Einstein energy-momentum complex. It beautifully yields the
expected result: The rst term is the Schwarzschild rest-mass energy, the second term is the




where dV is the innitesimal volume element, yields exactly the same as the second term of
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(24) ), and the rest of the terms are general relativistic correction. The general relativistic
terms increase the value of the energy. Thus, the result in this paper is against the prevail-
ing \folklore" that the energy-momentum complexes are not useful to get meaningful energy
distribution in a given geometry.
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